A two-photon transition in cold Rb atoms will be probed with a phase-coherent wide bandwidth femtosecond laser comb. Frequency domain analysis yields a high-resolution picture where phase coherence among various transition pathways through different intermediate states produces interference effects on the resonantly enhanced transition probability. This result is supported by the time domain Ramsey interference effect. The two-photon transition spectrum is analyzed in terms of the pulse repetition rate and carrier frequency offset, leading to a cold-atom-based frequency stabilization scheme for both degrees of freedom of the femtosecond laser. DOI: 10.1103/PhysRevA.63.011402 PACS number͑s͒: 32.80.Qk, 32.80.Ϫt, 42.65.Re The recent rapid progress in the generation of wide bandwidth optical combs based on Kerr-lens mode-locked femtosecond ͑fs͒ lasers have created many dramatic possibilities. The field of optical frequency metrology has been revolutionized with the capability of a single-step phase-coherent frequency bridge across several hundred THz ͓1,2͔, leading to precision optical frequency measurements ͓1,2͔ and a direct link between optical and microwave standards ͓2͔. For the ultrafast science, the recent work on stabilization of the relative phase between the pulse envelope and the optical carrier ͓3͔ should lead to more exquisite control of the pulse shape and timing, opening the door for many interesting experiments in the area of extreme nonlinear optics and coherent control.
The recent rapid progress in the generation of wide bandwidth optical combs based on Kerr-lens mode-locked femtosecond ͑fs͒ lasers have created many dramatic possibilities. The field of optical frequency metrology has been revolutionized with the capability of a single-step phase-coherent frequency bridge across several hundred THz ͓1,2͔, leading to precision optical frequency measurements ͓1,2͔ and a direct link between optical and microwave standards ͓2͔. For the ultrafast science, the recent work on stabilization of the relative phase between the pulse envelope and the optical carrier ͓3͔ should lead to more exquisite control of the pulse shape and timing, opening the door for many interesting experiments in the area of extreme nonlinear optics and coherent control.
Such a remarkable measurement capability has arrived at a time when optical frequency standards based on a single ion or cold atoms are emerging as potentially the most stable clocks of any sort ͓4͔. Although not an ultimate choice for an optical clock system, the two-photon transition of Rb atoms at 778 nm presents an attractive alternative ͓5͔. However, our motivation to study the Rb two-photon transition with a frequency comb generated from a fs laser ͑fs comb͒ has a much broader reach than the mere improvement of the current cwlaser based two-photon system. In this Rapid Communication we will show how a phase-coherent wide-bandwidth optical comb induces the desired multipath quantum interference effect for a resonantly enhanced two-photon transition rate. The analysis is carried out in both the frequency and the time domains to illustrate the novel aspect of phase-coherent pulses with a wide bandwidth that covers all the relevant intermediate states. We will discuss the consequence of these results in terms of the absolute control of both degrees of freedom of the fs comb, namely the comb spacing and the carrier offset frequency. The multipulse interference in the time domain gives an interesting variation and generalization of the two-pulse based temporal coherent control of the excited-state wave packet ͓6͔.
Doppler-free two-photon spectroscopy is carried out usually with two equal-frequency cw-laser beams propagating in opposite directions ͓7͔. The two-photon transition rate can be resonantly enhanced via the intermediate states with two different laser frequencies ͓8͔ or accelerated atomic beams ͓9͔, with a small residual Doppler effect. High-resolution Ramsey-type two-photon spectroscopy using pulsed light has also been demonstrated ͓10͔, with the recent extension to the cold atoms ͓11͔. The unique feature of the present work is that the wide bandwidth optical comb allows all relevant intermediate states to resonantly participate in the twophoton excitation process, permitting the phase coherence among different comb components to induce a stronger transition rate through quantum interference. Figure 1͑a͒ shows the relevant 87 Rb energy levels involved in the two-photon transition from the ground state 5S 1/2 to the excited state 5D 3/2 . The dipole-allowed intermediate states, 5 P 3/2 and 5 P 1/2 , lie ϳ2 nm and 17 nm below the virtual level, respectively. Also shown is a regularly spaced comb of optical frequencies around 800 nm. The comb frequency spacing ͑⌬͒ is equal to the inverse of the pulse round-trip time ͑T͒ inside the cavity. frequency of any comb line can thus be expressed as an integer multiple of ⌬ plus an offset frequency ␦ that arises from a difference in phase (v p ) and group (v g ) velocities of the pulses in the laser cavity. A 10-fs laser has a sufficient bandwidth to have comb components line up with corresponding hyperfine states of 5 P 3/2 and 5 P 1/2 to resonantly enhance the two-photon transition. This multipath quantum interference can be controlled by the tuning of mode spacing and carrier offset frequency, leading to a scheme of simultaneous stabilization of both ⌬ and ␦, and thereby the entire comb. The frequency domain analysis is complemented perfectly by the time domain multipulse Ramsey interference picture, as illustrated in Fig. 1͑b͒ , where the carrier-envelope phase shift ⌬⍜ is also shown.
To study the dramatic enhancement of the two-photon transition rate ⌫ g f by the resonant intermediate states and the subsequent interference among different paths, we calculate ⌫ g f analytically in both frequency and time domains using the time-dependent second-order perturbation theory. For the frequency domain analysis, we express the spectrum of the electric field E(t) of the fs comb as
where r ϭ2(N r ⌬ϩ␦) is a reference frequency, and N r is an integer. The atomic wave function can be expressed as
in terms of the slowly varying probability amplitudes C m (t) of atomic states ͉ m ͘ of energy E m , with m covering all relevant states. We set
The interaction between the atoms and the electric field induces
where nm ϭ(E m ϪE n )/ប is the frequency of the transition ͉ n ͘→͉ m ͘. ␥ m are the corresponding decay terms. The second-order excited-state probability amplitude C f (2) (t) can be obtained as
where ␤ 1(2) ϭ 1(2) E 0 /2ប is the Rabi frequency associated the two resonances are ␥ f and ␥ m , respectively. Each intermediate state provides a resonant pathway and they add coherently to yield the total transition rate ⌫ g f , owing to the fact that different comb components are phase coherent. In the time domain, the train of (Nϩ1) mode-locked pulses can be represented by
with ⌬⌰ϭ c T(1Ϫv g /v p )ϭ2␦/⌬ϩn2. Here c is the carrier frequency, and l and n are integers. During the time periods of lTϪ/2 to lTϩ/2, one pulse, with its sufficiently wide bandwidth, drives the probability amplitudes of all intermediate states C m (1) (t) with the first-order perturbation and of the final state C f (2) (t) with the second-order perturbation. In between two pulses, the atomic states evolve freely ac- RAPID COMMUNICATIONS cording to the unperturbed Hamiltonian H 0 along with the appropriate decay rates. The next pulse, with the corresponding phase shifts, will continue to build the atomic probability amplitudes in a coherent fashion. This process will of course reach a state of equilibrium since the excited state has a lifetime of 1/(2␥ f ). To reach an analytical solution, we simplify the pulse shape to be square. After Nϩ1 pulses, the probability amplitude C f (2) (t) is
where
In the last expression, sϭ1 for vϭgm,m f and sϭ2 for v ϭg f . It is interesting to note that the phase terms in Eq. ͑4͒ depend explicitly on the carrier-envelope phase shift ⌬⌰ (ϭ2␦/⌬ϩn2), but not on the carrier frequency c , which has an effect only on the relative signal size.
The measured values of the Rb transition frequencies, hyperfine intervals, and decay rates are used in the present calculation ͓12͔. Figure 2 shows a typical ⌫ g f as a function of ⌬ and ␦, with curve ͑a͒ calculated from the frequency domain ͓Eq. ͑2͔͒ and ͑b͒ calculated from the time domain ͓Eq. ͑4͔͒. In the frequency domain calculation, the frequency coverage of the comb lines used in the calculation far exceeds the hyperfine splittings among the intermediate states. Also the number of pulses used for the time domain calculation is larger than necessary to reach the steady state. ͑See Fig. 3 .͒ The agreement between the two approaches is perfect, with both graphs generated around the same nominal values of ⌬ 0 ϭ100 MHz and ␦ 0 ϭ15.69 MHz. The resonance width associated with ⌬ ͑with a fixed ␦͒ is determined primarily from the two-photon resonance condition and is on the order of ␥ f /( g f /2⌬). The resonance width associated with ␦ is roughly on the order of ␥ f (300 kHz).
To show the effect of multicomb line contributions, we plot in Figs. 3͑a͒ and 3͑b͒ the growth of ⌫ g f vs the number of participating comb lines. The calculation is performed in the frequency domain. Figure 3͑a͒ shows a hypothetical case where we use only one intermediate state to avoid quantum interference. We can see that the main contribution to the signal comes from the first comb pair with one component tuned near ͉ g ͘→͉ m ͘ and the other tuned near ͉ m ͘ →͉ f ͘. This is understandable considering that the comb spacing ⌬ ͑ϳ100 MHz͒ is much larger than ␥ m (5 MHz). When we include all five intermediate states, the ''saturation'' curve shown in Fig. 3͑b͒ is less smooth, with the interference among different pathways contributing to a sudden change of the signal size. Still, only about ten comb lines need to be included for the final signal size. Figures 3͑c͒ and  3͑d͒ illustrate the evolution of the time domain interference effect as we plot the resonance linewidth and size with respect to the increasing pulse numbers. Clearly the Ramsey interference enhances the frequency resolution as more pulses participate, with the final linewidth limited basically by ␥ f itself ͓Fig. 3͑c͒ and its inset͔, after 200 pulses or so. The signal size also reaches a stable value after a similar number of pulses ͓Fig. 3͑d͔͒. The number of pulses needed to reach equilibrium is on the order of the ratio of the excited state lifetime over the pulse repetition period T. The bandwidth issue of the comb can be explored with the original Gaussian pulse shape in Eq. ͑3͒. We find that for a pulse of constant energy, the signal size remains unchanged when the pulse width increases, till about 30 fs, where the bandwidth becomes too small to cover the intermediate states and the signal size starts to decrease. In the calculation for Fig. 2 , is 10 fs.
While the results shown in Fig. 2 are informative, they are hardly useful for frequency control of the fs comb. Clearly, Fig. 2 provides only one constraint for both ⌬ and ␦ and therefore we will not be able to control them independently. The reason lies in the fact that we have chosen the zero frequency as the reference point for both degrees of freedom associated with the comb. In other words, the effects on the comb frequency by the changes of ⌬ and ␦ are too similar and so an orthogonalized control is difficult. This situation can be remedied in practice. Optically one can adjust the laser cavity such that the frequency p at which the cavity dispersion is not sensitive ͑to first order͒ to a rotating mirror lies above g f /2. In this case the frequencies of the comb 
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components interacting with the intermediate states will be shifted down with an increasing ⌬, but up with an increasing ␦, leading to a possible orthogonal control. Another approach is to use electronic means to mix the control information for both ⌬ and ␦ such that two new orthogonal signals can be generated. Mathematically, this orthogonalization process amounts to a change of variables in Eq. ͑2͒, which we now rewrite as
where ␦ 1 ϭ␦Ϫmod( g f /4⌬). Figure 4 Fig. 4͑b͒ shows a situation where no comb lines are tuned near the resonances of intermediate states and yet constructive interference still helps to enhance the signal. The resonance width associated with ⌬ is on the order of ␥ m /͓( g f /2Ϫ gm )/2⌬͔. Simultaneous control of both ⌬ and ␦ is now clearly feasible.
Atom-based frequency stabilization of a fs laser provides long-term stability and should be an attractive complement to other approaches, including the locking of ⌬ to a microwave source ͓1,2͔, the locking of a fs laser to an optical cavity ͓13͔, self-referenced f -2 f heterodyne locking ͓3͔, and a fs comb phase locked to an ultrastable cw laser ͓14͔.
In summary, we show that the two-photon process can be dramatically enhanced through the use of a phase-coherent fs comb resonantly exciting stepwise transitions. Quantum interference among different pathways leads to the desired information of the atomic structure, while providing an absolute reference for a complete control of the fs laser. The ultrahigh-resolution aspect of this approach can be understood also from the time domain analysis where a series of Ramsey-type atom-pulse interactions provide a long coherent interrogation time.
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